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THREE THEOREMS ON THE ∂∂¯-LEMMA
LINGXU MENG
Abstract. We study the ∂∂¯-lemma on projective bundles, blowups and product complex
manifolds. We also discuss projective bundle formulas and blowup formulas of de Rham,
Dolbeault, Bott-Chern and Aeppli cohomologies on (not necessarily compact) complex man-
ifolds.
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1. Introduction
The ∂∂¯-lemma on a compact complex manifold X refers to that for every pure-type d-
closed form onX, the properties of d-exactness, ∂-exactness, ∂¯-exactness and ∂∂¯-exactness are
equivalent while a compact complex manifold is called a ∂∂¯-manifold if the ∂∂¯-lemma holds
on it. The most well-known examples are compact Ka¨hler manifolds. All complex manifolds
in the Fujiki class C are ∂∂¯-manifolds ([10, 24]) and not Ka¨hlerian in general. There also
exist many examples which are not in C , see [4, 5, 6, 14]. In particular, D. Angella, T. Suwa,
N. Tardini and A. Tomassini [6] provided such an example which is simply-connected. R.
Friedman [11] recently proved the ∂∂¯-lemma holds on general Clemens manifolds.
The real homotopy type of a ∂∂¯-manifold is a formal consequence of its de Rham cohomol-
ogy ring (cf. [10]), which is a strong topological obstruction of the ∂∂¯-lemma property. The
stability of this property under various geometric operations is an important issue. By this,
we may construct examples and counterexamples of ∂∂¯-manifolds. The ∂∂¯-lemma property
is stable under small deformations of the complex structure, see [26, 27, 7]. In this paper, we
will consider this property under three operations: projective bundles, blowups and products.
The following two theorems were proved recently and we will reprove them from a little
different viewpoints.
Theorem 1.1. Let P(E) be the projective bundle associated to a holomorphic vector bundle
E on a connected compact complex manifold X. Then P(E) satisfies the ∂∂¯-lemma, if and
only if, X does.
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D. Angella, T. Suwa, N. Tardini and A. Tomassini [6, Theorem 5] first proved the part
of “if” in Theorem 1.1 and we [18, Proposition 2.2] gave it a complete proof by use of non-
Ka¨hlerness degree.
Theorem 1.2. Let X˜ be the blowup of a connected compact complex manifold X along a
connected complex submanifold Y of complex codimension ≥ 2. Then X˜ satisfies the ∂∂¯-
lemma, if and only if, X and Y do.
P. Deligne, Ph. Griffiths, J. Morgan and D. Sullivan [10, Theorem 5.22] proved that X˜
satisfies the ∂∂¯-lemma implies X does. S. Rao, S. Yang and X.-D. Yang [19, Theorem 1.6]
investigated the degeneracy at E1 of the Fro¨licher spectral sequence by their Dolbeault blowup
formula and pointed out that these results are applicable to Theorem 1.2. Subsequently,
their [20, Theorem 1.2] gave an explicit expression of the isomorphism between Dolbeault
cohomologies in the blowup formula to implicitly obtain it indeed. Shortly, D. Angella, T.
Suwa, N. Tardini and A. Tomassini [6, Theorem 5] also considered it by use of the C˘ech-
Dolbeault cohomology under some additional assumptions and generalized their results to
compact complex orbifolds. Eventually, J. Stelzig wrote Theorem 1.2 out explicitly in [21,
Corollary 1.40] (see also [18] for details), where the idea was first used in [28]. Theorems
1.1 and 1.2 are applicable to the relation of heredity and bimeromorphic invariance, see
[19, 28, 6, 21, 22, 18].
We give a proposition on the ∂∂¯-lemma under surjective holomorphic maps as follows,
which is a generalization of [10, Theorem 5.22].
Proposition 1.3. Let f : X → Y be a surjective holomorphic map between connected compact
complex manifolds and X satisfy the ∂∂¯-lemma. Set r = dimCX−dimCY . Assume that there
exists a closed (r, r)-current Ω on X such that f∗Ω 6= 0. Then Y is a ∂∂¯-manifold.
Remark 1.4. The assumption in Proposition 1.3 is equivalent to that the map f∗ : H
r,r
BC(X)→
H0,0BC(Y ) = C is nonzero.
At last, we consider the ∂∂¯-lemma property of product complex manifolds.
Theorem 1.5. Let X and Y be connected compact complex manifolds. Then X×Y satisfies
the ∂∂¯-lemma, if and only if, X and Y do.
After my sending the previous version of the present paper to him, J. Stelzig pointed
me how to prove Theorems 1.1, 1.2, 1.5 by his works. For his proofs, see [10, Proposition
5.17][23, Lemma 11,Theorem 23][21, Proposition 1.35]. Inspired by him, we give a second
proof of Proposition 1.3 in Section 5.2.
Acknowledgements. The author warmly thanks Sheng Rao, Song Yang and Xiang-Dong
Yang for explaining details of their original manuscript on Theorem 1.2, Daniele Angella and
Chris Peters for their useful discussions on the ∂∂¯-lemma. The author would like to thank
Dr. Jonas Stelzig for sending the latest version of his papers [22, 23] and explaining how to
prove Theorems 1.1, 1.2, 1.5 by his works. In particular, I obtain Lemma 5.1 and the second
proof of Proposition 1.3 inspired by the discussions with Jonas Stelzig.
2. Formulas of projective bundles and blowups
In this paper, Hk(X,C), Hp,q
∂¯
(X) and Hp,qBC(X) refer to the de Rham, Dolbeault, Bott-
Chern cohomologies of the complex manifold X, respectively. Recall the classical formulas
of projective bundles and blowups.
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Let π : P(E) → X be the projective bundle associated to the holomorphic vector bundle
E of rank r on a connected (not necessarily compact) complex manifold X. Let OP(E)(−1)
be the universal line bundle on P(E) and Θ(OP(E)(−1)) the Chern curvature of a hermitian
metric on OP(E)(−1). Denote tpi = i2piΘ(OP(E)(−1)) ∈ A1,1(P(E)), namely, tpi is a Chern form
of OP(E)(−1). Evidently, tpi is real, closed and hpi = [tpi] ∈ H2(P(E),C) is the first Chern class
of OP(E)(−1). Then
µk =
r−1∑
i=0
hipi ∪ π∗(•) :
r−1⊕
i=0
Hk−2i(X,C)→ Hk(P(E),C) (2.1)
is an isomorphism for any k, cf. [26, Lemma 7.32].
Let π : X˜ → X be the blowup of a connected (not necessarily compact) complex manifoldX
along a connected complex submanifold Y . The exceptional divisor E = π−1(Y ) is naturally
identified with the projective bundle E = P(NY/X) associated to the normal bundle NY/X
of Y in X. Let tpi|E be a Chern form of the universal line bundle OE(−1) on E and hpi|E =
[tpi|E ] ∈ H2(E,C) the first Chern class of OE(−1). Denote by iE : E → X˜ the inclusion and
r = codimCY . For any k,
ψk = π∗ +
r−1∑
i=1
(iE)∗ ◦ (hi−1pi|E∪) ◦ (π|E)
∗ (2.2)
gives an isomorphism
Hk(X,C) ⊕
r−1⊕
i=1
Hk−2i(Y,C)→ Hk(X˜,C),
cf. [26, Theorem 7.31][15, Theorem 1.3].
Now, we briefly state the idea of constructing the inverse isomorphism of µk. For any
α ∈ Hk(P(E),C), there exist βk−2i ∈ Hk−2i(X,C) for 0 ≤ i ≤ r − 1, such that
α =
r−1∑
i=0
hipi ∪ π∗βk−2i. (2.3)
Notice that π∗h
i
pi = 0 for 0 ≤ i ≤ r− 2 and (−1)r−1 for i = r− 1, see (2.7). Cupping up (2.3)
with hr−l−1pi and then pushing it out by π∗, we get
βk−2l = (−1)r−1π∗(hr−l−1pi ∪ α) + (−1)r
r−1∑
i=l+1
π∗h
i+r−l−1
pi ∪ βk−2i,
which in turn gives an expression of βk−2r+2, βk−2r+4, ..., βk−2l, ..., βk with α by the
induction. Hence we express the inverse isomorphism of µk with α. We can do the similar
thing for ψk.
Before giving explicit expressions of the inverse isomorphisms of µk and ψk, we construct
a series of polynomials with integral coefficients.
2.1. Polynomials Pi(T1, ...., Tr−1). We successively define Pr−1, Pr−2, Pr−3, ..., P1, P0 by
recursion relations
Pi(T1, ...., Tr−1) =

(−1)r
r−1−i∑
k=1
TkPk+i(T1, ...., Tr−1), 0 ≤ i < r − 1
(−1)r−1, i = r − 1,
(2.4)
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for 0 ≤ i ≤ r − 1. For example,
Pr−1 = (−1)r−1, Pr−2 = −T1, Pr−3 = (−1)r−1T 21 − T2, ...
Clearly, Pi(T1, ...., Tr−1) ∈ Z[T1, ...., Tr−1]. By (2.4), it is easy to prove the following Lemmas
2.1-2.3 by the induction. We will only give the details of the proof of Lemma 2.3.
Lemma 2.1. The nonzero terms of Pi(T1, ..., Tr−1) at most contain indeterminates T1, T2,
..., Tr−1−i.
Lemma 2.2. Suppose that
Pi(T1, ...., Tr−1) =
∑
d1,··· ,dr−1≥0
ai,d1,··· ,dr−1T
d1
1 ...T
dr−1
r−1 .
For any nonzero ai,d1,··· ,dr−1, we have
r−1∑
k=1
kdk = r − 1− i.
Lemma 2.3. Put T0 = (−1)r−1. For k ∈ {0, 1, ..., r − 1}, set
Hk(T1, ..., Tr−1) =
r−1+k∑
i=r−1
Ti−(r−1)Pi−k(T1, ..., Tr−1).
Then
Hk(T1, ..., Tr−1) =

1, k = 0
0, 1 ≤ k ≤ r − 1.
Proof. For k = 0, the lemma holds clearly. For l > 0, assume that the lemma holds for any
k < l . Then
Hl =(−1)r−1Tl + (−1)r
r−2+l∑
i=r−1
Ti−(r−1)
(
r−1−i+l∑
s=1
TsPs+i−l
)
((2.4))
=(−1)r−1Tl + (−1)r
l∑
s=1
Ts
(
r−1+l−s∑
i=r−1
Ti−(r−1)Pi−(l−s)
)
(exchange sums)
=(−1)r−1Tl + (−1)r
l∑
s=1
TsHl−s (definition of Hk)
=0 (inductive assumption).
We complete the proof. 
2.2. The inverse isomorphisms of (2.1) and (2.2). For 0 ≤ i ≤ r − 1, define
G−ipi (α) =
r−1−i∑
j=0
Pi+j(π∗h
r
pi, ...., π∗h
2r−2
pi ) ∪ π∗(hjpi ∪ α)
for any α ∈ Hk(P(E),C). By Lemma 2.2, G−ipi gives a map Hk(P(E),C) → Hk−2i(X,C) for
every k.
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Theorem 2.4. (1) For every k,
νk = (G0pi, G
−1
pi , ..., G
−r+1
pi ) : H
k(P(E),C)→
r−1⊕
i=0
Hk−2i(X,C) (2.5)
is the inverse isomorphism of µk.
(2) For every k,
φk = (π∗, G
−1
pi|E
◦ i∗E , ..., G−r+1pi|E ◦ i
∗
E) (2.6)
gives the inverse isomorphism
Hk(X˜,C)→ Hk(X,C) ⊕
r−1⊕
i=1
Hk−2i(Y,C)
of ψk.
Proof. (1) Let tpi be a Chern form and hpi = [tpi] ∈ H2(P(E),C) the first Chern class of the
universal line bundle OP(E)(−1) on P(E). Then
π∗h
i
pi =

0, 0 ≤ i ≤ r − 2
(−1)r−1, i = r − 1.
(2.7)
Indeed, π∗t
r−1
pi is a closed smooth 0-form on X, hence a constant. For any x ∈ X,
π∗t
r−1
pi =
∫
P(Ex)
tr−1pi |P(Ex)
=
∫
Pr−1
c1(OPr−1(−1))r−1
=(−1)r−1,
where Ex is the fiber of E over x. For the reason of degrees, π∗hipi = 0 for 0 ≤ i ≤ r − 2.
For αk−2i ∈ Hk−2i(X,C), 0 ≤ i ≤ r − 1, we have
π∗(h
j
pi ∪ µk(αk, αk−2, ..., αk−2r+2)) =
r−1∑
l=r−1−j
π∗h
j+l
pi ∪ αk−2l (2.8)
by the projection formula and (2.7). Then
G−ipi (µ
k(αk, αk−2, ..., αk−2r+2))
=
r−1−i∑
j=0
r−1∑
l=r−1−j
Pi+j(π∗h
r
pi, ...., π∗h
2r−2
pi ) ∪ π∗hj+lpi ∪ αk−2l ((2.8))
=
r−1∑
l=i
 r−1−i∑
j=r−1−l
Pi+j(π∗h
r
pi, ...., π∗h
2r−2
pi ) ∪ π∗hj+lpi
 ∪ αk−2l (exchange sums)
=
r−1∑
l=i
Hl−i(π∗h
r
pi, ...., π∗h
2r−2
pi ) ∪ αk−2l (definition of Hk)
=αk−2i (Lemma 2.3)
for any 0 ≤ i ≤ r − 1. So νk ◦ µk = id, i.e., νk is inverse to µk.
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(2) Let tpi|E be a Chern form and hpi|E = [tpi|E ] ∈ H2(P(E),C) the first Chern class of
the universal line bundle OE(−1) on E. For αk ∈ Hk(X,C) and βk−2i ∈ Hk−2i(Y,C),
1 ≤ i ≤ r − 1,
π∗(ψ
k(αk, βk−2, ..., βk−2r+2)) = αk
by the projection formula and (2.7). Since OX˜(E)|E = OE(−1), hpi|E = [E]|E , where [E] ∈
H2(X˜,C) is the fundamental class of E in X˜. By [15, Lemma 1.2] (or [13, VIII. 2.7]),
i∗EiE∗(•) = hpi|E ∪ • on H•(E,C), hence
(π|E)∗(hjpi|E ∪ i
∗
E(ψ
k(αk, βk−2, ..., βk−2r+2)) =
r−1∑
l=r−1−j
(π|E)∗hj+lpi|E ∪ β
k−2l (2.9)
for 0 ≤ j ≤ r − 2. So
G−ipi|E ◦ i
∗
E
(
ψk(αk, βk−2, ..., βk−2r+2)
)
=
r−1−i∑
j=0
r−1∑
l=r−1−j
Pi+j((π|E)∗hrpi|E , ...., (π|E)∗h2r−2pi|E ) ∪ (π|E)∗h
j+l
pi|E
∪ βk−2l ((2.9))
=
r−1∑
l=i
 r−1−i∑
j=r−1−l
Pi+j((π|E)∗hrpi|E , ...., (π|E)∗h2r−2pi|E ) ∪ (π|E)∗h
j+l
pi|E
 ∪ βk−2l (exchange sums)
=
r−1∑
l=i
Hl−i((π|E)∗hrpi|E , ...., (π|E)∗h2r−2pi|E ) ∪ β
k−2l (definition of Hk)
=βk−2i (Lemma 2.3).
Hence φk ◦ ψk = id, which implies that φk is the inverse isomorphism to ψk. 
Remark 2.5. For any α ∈ Hk(X˜,C), i∗Eα =
r−1∑
i=0
hipi|E∪π∗βk−2i for unique βk−2i ∈ Hk−2i(Y,C),
0 ≤ i ≤ r− 1. By Theorem 2.4 (1), G−ipi|E ◦ i∗E(α) = βk−2i. The map φk is simply represented
by φk(α) = (π∗α, β
k−2, ..., βk−2r+2).
We can define µp,q
∂¯
, νp,q
∂¯
and ψp,q
∂¯
, φp,q
∂¯
on Dolbeault cohomologies as µk, νk and ψk, φk
on de Rham cohomologies respectively, where we use hpi,∂¯ = [tpi]∂¯ ∈ H1,1∂¯ (P(E)) and hpi|E ,∂¯ =
[tpi|E ]∂¯ ∈ H1,1∂¯ (E) instead of hpi = [tpi] ∈ H2(P(E),C) and hpi|E = [tpi|E ] ∈ H2(E,C) in (2.1),
(2.5) and (2.2), (2.6) respectively. As follows, we get formulas of projective bundles and
blowups on Dolbeault cohomologies.
Theorem 2.6. For every p, q,
(1) µp,q
∂¯
is an isomorphism,
(2) νp,q
∂¯
is the inverse isomorphism of µp,q
∂¯
,
(3) ψp,q
∂¯
is an isomorphism,
(4) φp,q
∂¯
is an isomorphism.
Proof. (1) See [16, Corollary 3.2] for general cases or [19, 6, 21] for compact cases.
(2) Following the proof of Theorem 2.4 (1), we immediately get (2).
(3) See [16, Theorem 1.3].
(4) We give an alternative description on φp,q
∂¯
as that in Remark 2.5. For any α ∈ Hp,q
∂¯
(X˜),
by (1), i∗Eα =
r−1∑
i=0
hi
pi|E ,∂¯
∪ π∗βp−i,q−i for unique βp−i,q−i ∈ Hp−i,q−i
∂¯
(Y ), 0 ≤ i ≤ r − 1. By
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(2), G−i
pi|E ,∂¯
◦ i∗E(α) = βp−i,q−i. Then
φp,q
∂¯
(α) = (π∗α, β
p−1,q−1, ..., βp−r+1,q−r+1). (2.10)
Hence φp,q
∂¯
is an isomorphism by [17, Theorem 6.6] (or [21, 20] for compact cases). 
Remark 2.7. J. Stelzig [21, Proposition 1.36, Theorem 1.39] and S. Rao, S. Yang, X.-D. Yang
[20, Theorem 1.2, (5.2)] defined φp,q
∂¯
by (2.10), and they proved that it is an isomorphism on
compact complex manifolds.
A natural question is
Question 2.8 ([17]). Are ψp,q
∂¯
and φp,q
∂¯
inverse to each other? If i∗EiE∗(•) = hpi|E ,∂¯ ∪ • holds
on H•,•
∂¯
(E), we can give this question a positive answer following the proof of Theorem 2.4
(2). See [17, Proposition 6.3] for more detailed discussions.
3. Proofs of Theorem 1.1 and 1.2
3.1. Characterization of ∂∂¯-manifolds. For a compact complex manifold X, a natural
filtration on the complex A•(X)C of C-valued smooth forms on X is defined as
F pAk(X)C =
⊕
r+s=k
r≥p
Ar,s(X),
for all k, p, which give a spectral sequence (Ep,qr , F pHk(X,C)), namely, the Fro¨licher spectral
sequence of X. Then Ep,q1 = H
p,q
∂¯
(X) and
F pHk(X,C) = {[α] ∈ Hk(X,C)|α ∈ F pAk(X) and dα = 0}. (3.1)
Clearly, F pHk(X,C) = 0 for p < 0 or p > k. For convenience, we call F •Hk(X,C) the
Hodge filtration on Hk(X,C). Set V p,q(X) = F pHk(X,C)∩F qHk(X,C) for p+q = k, where
F
q
Hk(X,C) is the complex conjugation of the complex subspace F qHk(X,C) in Hk(X,C).
We say that the Hodge filtration gives a Hodge structure of weight k on Hk(X,C), if
Hk(X,C) =
⊕
p+q=k
V p,q(X), (3.2)
and
V p,q(X) = V q,p(X), for any p+ q = k. (3.3)
P. Deligne, Ph. Griffiths, J. Morgan and D. Sullivan established the well-known theorem
on the ∂∂¯-lemma and the Fro¨licher spectral sequence as follows.
Theorem 3.1 ([10, (5.21)]). For a compact complex manifold X, the following statements
are equivalent:
(1) X satisfies the ∂∂¯-lemma.
(2) (a) The Fro¨licher spectral sequence of X degenerates at E1, and
(b) the Hodge filtration gives a Hodge structure of weight k on Hk(X,C), for every
k ≥ 0.
Remark 3.2. For a connected compact complex manifoldX, denote by F pHk(X,C) the Hodge
filtration and by bk(X), h
p,q(X) the k-th Betti, (p, q)-th Hodge numbers respectively.
(1) In general, bk(X) ≤
∑
p+q=k
hp,q(X) for all k.
(2) The statement of Theorem 3.1 (2)(a) is equivalent to that F pHk(X,C)/F p+1Hk(X,C) ∼=
Hp,k−p
∂¯
(X) for all k, p, and hence is equivalent to that bk(X) =
∑
p+q=k
hp,q(X) for all k.
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(3) The statement of Theorem 3.1 (2)(b) implies that F pHk(X,C) =
⊕
r+s=k
r≥p
V r,s(X).
(4) For a ∂∂¯-manifold X, V p,q(X) ∼= Hp,q
∂¯
(X).
3.2. Notions in linear algebra. For an injective C-linear map φ : U → V of C-vector
spaces, U can be viewed as a complex subspace (i.e., φ(U)) of V via φ. Suppose that U1, ...,
Un, V are C-vector spaces and φ :
n⊕
i=1
Ui → V or V →
n⊕
i=1
Ui is an isomorphism, where
n⊕
i=1
Ui
is an external direct sum of U1, ..., Un. Then V =
n⊕
i=1
φ(Ui) or V =
n⊕
i=1
φ−1(Ui) is an internal
direct sum, which is said that V =
n⊕
i=1
Ui is an internal direct sum of U1, ..., Un via φ.
If there exsists an R-vector space K such that U = K ⊗R C, we say that U is a C-vector
space with real structure. A C-linear map φ : U → V of C-vector spaces with real structures
is said to be real, if it is the complexification of an R-linear map of R-vector spaces, namely,
φ = ψ ⊗ id : U = K ⊗R C → V = L⊗R C, where ψ : K → L is an R-linear map of R-vector
spaces. If φ is injective and real, the complex conjugation W of the complex subspace W in
U can be viewed as that of φ(W ) in V (i.e., φ(W )) via φ, since φ(W ) = φ(W ).
3.3. Projective bundles. Let π : P(E) → X be the projective bundle associated to a
holomorphic vector bundle E of rank r on a connected compact complex manifold X. Via
the isomorphism µk or νk, we have the internal direct sum
Hk(P(E),C) =
r−1⊕
i=0
Hk−2i(X,C). (3.4)
A part of the following lemma was actually proved in [6, Proposition 2]. We give a more
direct proof here.
Lemma 3.3. The Fro¨licher spectral sequence of P(E) degenerates at E1, if and only if, so
does that of X.
Proof. In general, we have
bk(P(E)) =
r−1∑
i=0
bk−2i(X) ((2.1))
≤
r−1∑
i=0
∑
p+q=k−2i
hp,q(X) (Remark 3.2 (1))
=
∑
p+q=k
hp,q(P(E)). (Theorem 2.6 (1))
So, bk(P(E)) =
∑
p+q=k
hp,q(P(E)) for all k, if and only if, bk(X) =
∑
p+q=k
hp,q(X) for all k. By
Remark 3.2 (2), we get the lemma. 
Lemma 3.4. Via the isomorphism µk or νk, we have the internal direct sum
F pHk(P(E),C) =
r−1⊕
i=0
F p−iHk−2i(X,C), (3.5)
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where F •Hk(X,C) and F •Hk(P(E),C) are the Hodge filtrations on Hk(X,C) and Hk(P(E),C),
respectively. Moreover,
V p,q(P(E)) =
r−1⊕
i=0
V p−i,q−i(X) (3.6)
for any p, q.
Proof. From the expressions (2.1) (2.5) (3.1), µk(
r−1⊕
i=0
F p−iHk−2i(X,C)) ⊆ F pHk(P(E),C) and
νk(F pHk(P(E),C)) ⊆
r−1⊕
i=0
F p−iHk−2i(X,C). By Theorem 2.4 (1), µk and νk are inverse to
each other, so we obtain (3.5). Since µk is real,
F
q
Hk(P(E),C) =
r−1⊕
i=0
F
q−i
Hk−2i(X,C).
For p+ q = k,
V p,q(P(E)) =F pHk(P(E),C) ∩ F qHk(P(E),C)
=
r−1⊕
i=0
(
F p−iHk−2i(X,C) ∩ F q−iHk−2i(X,C)
)
=
r−1⊕
i=0
V p−i,q−i(X).

By (3.4) and (3.6), we get
Lemma 3.5. For a given k, the Hodge filtration gives a Hodge structure of weight k on
Hk(P(E),C), if and only if, the Hodge filtration gives a Hodge structure of weight k − 2i on
Hk−2i(X,C).
By Theorem 3.1, Lemmas 3.3 and 3.5, we easily get Theorem 1.1.
3.4. Blowups. Let X˜ be the blowup of a connected compact complex manifold X along a
connected complex submanifold Y of complex codimension ≥ 2. Via the isomorphism ψk or
φk, we have the internal direct sum
Hk(X˜,C) = Hk(X,C) ⊕
r−1⊕
i=1
Hk−2i(Y,C).
With almost the same way in Section 3.3, we can prove following results, where we use
(2.2) and Theorem 2.4 (2) instead of (2.1) and Theorem 2.4 (1).
Lemma 3.6 ([19, Theorem 1.6]). The Fro¨licher spectral sequence of X˜ degenerates at E1, if
and only if, so do those of X and Y .
Lemma 3.7. Via the isomorphism ψk or φk, we have the internal direct sum
F pHk(X˜,C) = F pHk(X,C) ⊕
r−1⊕
i=1
F p−iHk−2i(Y,C),
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where F •Hk(X,C), F •Hk(Y,C) and F •Hk(X˜,C) are the Hodge filtrations on Hk(X,C),
Hk(Y,C) and Hk(X˜,C), respectively. Moreover,
V p,q(X˜) = V p,q(X)⊕
r−1⊕
i=1
V p−i,q−i(Y )
for any p, q.
Lemma 3.8. For a given k, the Hodge filtration gives a Hodge structure of weight k on
Hk(X˜,C), if and only if, the Hodge filtrations give a Hodge structure of weight k on Hk(X,C)
and a Hodge structure of weight k − 2i on Hk−2i(Y,C) for all 1 ≤ i ≤ r − 1.
Combining Theorem 3.1, Lemmas 3.6 and 3.8, we proved Theorem 1.2.
The exceptional divisor of the blowup X˜ of X along Y is biholomorphic to the projective
bundle of the normal bundle of Y in X. Combining Theorems 1.1 and 1.2, we easily get
Corollary 3.9. Let X˜ be a blowup of a connected compact complex manifold X along a
connected complex submanifold with the exceptional divisor E. Then X˜ satisfies the ∂∂¯-
lemma, if and only if, X and E do.
4. E1-quasi-isomorphisms
First, we recall some notions of the double complex and its cohomologies, see [22, Section
1] or [4, 21, 23]. A bounded double complex over C with real structure refers to a triple
K = (K•,•, ∂1, ∂2), where
(1) Kp,q are C-vector spaces for all (p, q) ∈ Z such that Kp,q = 0 except finite (p, q) ∈ Z,
(2) Kk =
⊕
p+q=k
Kp,q is a C-vector space with real structure,
(3) ∂1, ∂2 :
⊕
p,q∈Z
Kp,q → ⊕
p,q∈Z
Kp,q are C-linear maps of bidegree (1, 0) and (0, 1) such that
∂2i = 0 for i = 1, 2 and ∂1 ◦ ∂2 + ∂2 ◦ ∂1 = 0,
(4) the conjugation Kp,q = Kq,p in Kp+q and ∂1(a¯) = ∂2(a) for any a ∈ K =
⊕
k∈Z
Kk.
Remark 4.1. In the present and next sections, the notions and results on bounded double
complexes over C with real structures are also valid on more general bounded double com-
plexes. For convenience, we only consider the case of bounded double complexes over C with
real structures. See [21, 23] for the general case.
Let ∂p,q1 : K
p,q → Kp+1,q and ∂p,q2 : Kp,q → Kp,q+1 be the restrictions of ∂1 and ∂2
respectively. Define four kinds of cohomologies as follows
(1) de Rham cohomology Hk(K) = Hk(K•, d), where d = ∂1 + ∂2;
(2) Dolbeault cohomology Hp,q∂2 (K) = H
q(Kp,•, ∂2);
(3) Bott-Chern cohomology Hp,qBC(K) =
ker∂p,q
1
∩ker∂p,q
2
im∂p−1,q
1
◦∂p−1,q−1
2
;
(4) Aeppli cohomology Hp,qA (K) =
ker∂p,q+1
1
◦∂p,q
2
im∂p−1,q
1
+im∂p,q−1
2
.
The filtration F pK• =
⊕
r+s=•
r≥p
Kr,s for all p on the complex K• associated to (K•,•, ∂1, ∂2)
gives rise to a spectral sequence (Ep,qr , F pHk(K)). We call it the Fro¨licher spectral sequence
and F •Hk(K) the Hodge filtration of the de Rham cohomology Hk(K) of (K•,•, ∂1, ∂2) .
Evidently, Ep,q1 = H
p,q
∂2
(K).
A morphism of double complexes of bounded double complexes over C with real structures
is called an E1-quasi-isomorphism, if it induces an isomorphism in Dolbeault cohomology,
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i.e., an isomorphism at E1-page. Denote K ≃1 L, if there exists an E1-quasi-isomorphism
K → L. Then ≃1 is an equivalence relation by [21, Lemma 1.24] (or [23, Lemma 11]).
An E1-quasi-isomorphism f : K → L induces isomorphisms at Er-page for 1 ≤ r ≤ ∞.
Of course, it induces isomorphisms F pHk(K) → F pHk(L) of Hodge filtrations of de Rham
cohomologies for all k, p, since the Fro¨licher spectral sequences of bounded double complexes
are biregular. Moreover, the Dolbeault cohomology determines the other three kinds of
cohomologies (i.e., de Rham, Bott-Chern, Aeppli) in some sense by the following theorem,
see also [3, 4] for special cases.
Theorem 4.2 ([21, Lemma 1.10][22, Lemma 2]). Any E1-quasi-isomorphism induces iso-
morphisms on Bott-Chern and Aeppli cohomologies.
For a connected complex manifold X, the double complexes (A•,•(X), ∂, ∂¯) of C-valued
smooth forms and (D′•,•(X), ∂, ∂¯) of C-valued currents on X are bounded double complexes
over C with real structures. The four kinds of cohomologies of (A•,•(X), ∂, ∂¯) are just usual
de Rham, Dolbeault, Bott-Chern and Aeppli cohomologies of X, respectively. The inclusion
(A•,•(X), ∂, ∂¯) →֒ (D′•,•(X), ∂, ∂¯) is an E1-quasi-isomorphism. Hence (A•,•(X), ∂, ∂¯) and
(D′•,•(X), ∂, ∂¯) have the same de Rham, Dolbeault, Bott-Chern, Aeppli cohomologies and
natural filtrations of de Rham cohomologies via the inclusion and we will not distinguish
them.
Notice that all the following results hold for both Bott-Chern and Aeppli cohomologies by
Theorem 4.2. We only prove them for the Bott-Chern cohomology.
Let π : X˜ → X be the blowup of connected (not necessarily compact) complex manifold
X along connected complex submanifold Y and E the exceptional divisor. Assume that
iE : E → X˜ is the inclusion. Let tpi|E ∈ A1,1(E) be a Chern form of the universal line bundle
OE(−1) on E = P(NY/X). Set hpi|E ,BC = [tpi|E ]BC ∈ H1,1BC(E).
Define
Kp,q = Ap,q(X)⊕
r−1⊕
i=1
Ap−i,q−i(Y ),
∂K = ∂X ⊕
r−1⊕
i=1
∂Y , ∂¯K = ∂¯X ⊕
r−1⊕
i=1
∂¯Y ,
where ∂X , ∂¯X and ∂Y , ∂¯Y denote the partial differentail operators on A
•,•(X) and A•,•(Y ),
respectively. Set Kk =
⊕
p+q=k
Kp,q. Then Kk =
(
Ak(X)⊕
r−1⊕
i=1
Ak−2i(Y )
)
⊗R C. It is easily
checked that (K•,•, ∂K , ∂¯K) is a bounded complex over C with real structure. Define a
morphism of bounded double complexes over C with real structures
ψt : K
•,• → D′•,•(X˜)
as
(α, β1, . . . , βr−1) 7→ π∗α+
r−1∑
i=1
iE∗
(
ti−1pi|E ∧ (π|E)
∗βi
)
,
where α ∈ A•,•(X) and βi ∈ A•−i,•−i(Y ). By Theorem 2.6 (3), ψp,q
∂¯
are isomorphisms for all
p, q, i.e., ψt is an E1-quasi-isomorphism. By Theorem 4.2, ψt induces an isomorphism
ψp,qBC = π
∗ +
r−1∑
i=1
(iE)∗ ◦ (hi−1pi|E ,BC∪) ◦ (π|E)
∗ : Hp,qBC(X)⊕
r−1⊕
i=1
Hp−i,q−iBC (Y )→ Hp,qBC(X˜)
for any p, q.
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Define
Lp,q = D′p,q(X) ⊕
r−1⊕
i=1
Ap−i,q−i(Y ),
∂L = ∂X ⊕
r−1⊕
i=1
∂Y , ∂¯L = ∂¯X ⊕
r−1⊕
i=1
∂¯Y ,
where ∂X , ∂¯X and ∂Y , ∂¯Y refer to the partial differential operators on D′•,•(X) and A•,•(Y ),
respectively. (L•,•, ∂L, ∂¯L) is a bounded complex over C with real structure. Define a mor-
phism of bounded double complexes over C with real structures
φt : A
•,•(X˜)→ L•,•
as
γ 7→
(
π∗γ, G
−1
t,pi|E
(i∗Eγ), ..., G
−r+1
t,pi|E
(i∗Eγ)
)
,
where γ ∈ A•,•(X˜) and
G−it,pi|E (δ) =
r−1−i∑
j=0
Pi+j((π|E)∗trpi|E , ...., (π|E)∗t2r−2pi|E ) ∧ (π|E)∗(t
j
pi|E
∪ δ)
for any δ ∈ A•,•(E). By Theorem 2.6 (4), φp,q
∂¯
are isomorphisms for all p, q, i.e., φt is an
E1-quasi-isomorphism. By Theorem 4.2, φt induces an isomorphism
φp,qBC = (π∗, G
−1
BC,pi|E
◦ i∗E , ..., G−r+1BC,pi|E ◦ i
∗
E) : H
p,q
BC(X˜)→ Hp,qBC(X) ⊕
r−1⊕
i=1
Hp−i,q−iBC (Y ),
where
G−iBC,pi|E(α) =
r−1−i∑
j=0
Pi+j((π|E)∗hrpi|E ,BC, ...., (π|E)∗h2r−2pi|E ,BC) ∪ (π|E)∗(h
j
pi|E ,BC
∪ α)
for any α ∈ Hp,qBC(E) and 1 ≤ i ≤ r − 1.
We summarize these results as follows.
Theorem 4.3. For all p, q, ψp,qBC and φ
p,q
BC are isomorphisms.
Remark 4.4. S. Yang and X.-D. Yang [28, Theorem 1.2] and J. Stelzig [21, Corollary 12,
Theorem 23] [22, Proposition 4, Theorem 8] showed that there exists an isomorphism
Hp,qBC(X) ⊕
r−1⊕
i=1
Hp−i,q−iBC (Y )
∼= Hp,qBC(X˜),
which was originally [19, Conjecture 1.9]. An expression of this isomorphism was given by J.
Stelzig [22, Proposition 4, Theorem 8], which coincides with φp,qBC via ν
•,•
BC.
Analogue to the Dolbeault cohomology (Question 2.8), we ask
Question 4.5. Are ψp,qBC and φ
p,q
BC inverse to each other? If i
∗
EiE∗(•) = hpi|E ,BC ∪ • holds on
H•,•BC(E), we can give it a positive answer following the proof of Theorem 2.4 (2).
Remark 4.6. The E1-quasi-isomorphisms ψt and φt induce isomorphisms
ψk : F pHk(X,C)⊕
r−1⊕
i=1
F p−iHk−2i(Y,C)→ F pHk(X˜,C)
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and
φk : F pHk(X˜,C)→ F pHk(X,C)⊕
r−1⊕
i=1
F p−iHk−2i(Y,C),
of Hodge filtrations for every p, respectively. We obtained an alternative proof of Lemma 3.7.
Remark 4.7. As we know ([10, (5.16)]), X is a ∂∂¯-manifold, if and only if, the natural maps
Hp,qBC(X) → Hp,q∂¯ (X) induced by identities are isomorphisms for all p, q, if and only if, the
natural maps Hp,qBC(X)→ Hp+q(X) induced by identities are injections for all p, q. We easily
get a new proof of Theorem 1.2 by the commutative diagram
Hp,qBC(X)⊕
r−1⊕
i=1
Hp−i,q−iBC (Y )

∼=
ψp,q
BC
// Hp,qBC(X˜)

Hp,q
∂¯
(X)⊕
r−1⊕
i=1
Hp−i,q−i
∂¯
(Y )
∼=
ψp,q
∂¯
// Hp,q
∂¯
(X˜)
or
Hp,qBC(X)⊕
r−1⊕
i=1
Hp−i,q−iBC (Y )

∼=
ψp,q
BC
// Hp,qBC(X˜)

Hp+q(X) ⊕
r−1⊕
i=1
Hp+q−2i(Y )
∼=
ψp+q
// Hp+q(X˜),
where all vertical maps are induced by identities. For the second commutative diagram, see
a similar discussion in [19, Introduction].
Remark 4.8. From several proofs of Theorem 1.2 ([19, Theorem 1.6], [6, Theorem 5], [21,
Corollary 1.40], Lemma 3.6 and Remark 4.7), the ones used various blowup formulas (i.e. de
Rham, Dolbeault, Bott-Chern, Aeppli blowup formulas), while the Dolbeault blowup formula
is essential in very proof. In particular, the formulas of other cohomologies can be obtained
by that of Dolbeault cohomology and the first Dolbeault blowup formula was proved by S.
Rao, S. Yang and X.-D. Yang in [19, 20], where they introduced and developed their relative
Dolbeault sheaves.
Let π : P(E)→ X be the projective bundle associated to a holomorphic vector bundle E of
rank r on a connected (not necessarily compact) complex manifold X and tpi a Chern form
of OP(E)(−1). Define two morphisms
µt =
r−1∑
i=0
tipi ∪ π∗(•) :
r−1⊕
i=0
A•−i,•−i(X)→ A•,•(P(E))
and
νt = (G
0
t,pi(•), G−1t,pi(•), . . . , G−r+1t,pi (•)) : A•,•(P(E))→
r−1⊕
i=0
A•−i,•−i(X),
of bounded double complexes over C with real structures, where
G−it,pi(δ) =
r−1−i∑
j=0
Pi+j(π∗t
r
pi, . . . , π∗t
2r−2
pi ) ∧ π∗(tjpi ∪ δ)
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for any δ ∈ A•,•(P(E)). They are E1-quasi-isomorphisms by Theorem 2.6 (1) (2), hence
induce isomorphisms µp,qBC and ν
p,q
BC on the Bott-Chern cohomology. Following the proof of
Theorem 2.4 (1), we know that µp,qBC and ν
p,q
BC are inverse to each other. The argument in
Remarks 4.6 and 4.7 is also valid for projective bundles.
5. The ∂∂¯-lemma on product complex manifolds
5.1. A proof of Proposition 1.3. Let α be a (p, q)-form on Y such that α = dβ for some
β ∈ Ap+q−1(Y ). Then f∗α ∈ Ap,q(X) satisfies that f∗α = d(f∗β). Since X is a ∂∂¯-manifold,
f∗α = ∂∂¯γ for some γ ∈ Ap−1,q−1(X). For the nonzero constant f∗Ω, set c = f∗Ω. By the
projection formula,
α = c−1 · f∗(Ω ∧ f∗α) = ∂∂¯(c−1 · f∗(Ω ∧ γ)).
The natural mapHp,qBC(Y )→ Hp,qBC((D′•,•(Y ), ∂, ∂¯)) induced by the identity is an isomorphism,
so α is ∂∂¯-exact as a smooth form on Y . We complete the proof.
5.2. Another proof of Proposition 1.3 with Stelzig’s flavour. For a connected complex
manifold X, denote by A•,•(X) and by D′•,•(X) the double complexes of C-valued smooth
forms and currents on X respectively. With a similar way to [21, Lemma 1.38] (or [22, Lemma
7]), we give a lemma as follows.
Lemma 5.1. Let f : X → Y be a surjective holomorphic map between connected compact
complex manifolds with r = dimCX − dimCY . Assume that there exists a d-closed (r, r)-
current Ω on X such that f∗Ω 6= 0. Then
(f∗ ◦ (Ω∧), pr) : A•,•(X)→ D′•,•(Y )⊕A•,•(X)/f∗A•,•(Y )
is an E1-quasi-isomorphism. Moreover,
A•,•(X) ≃1 A•,•(Y )⊕A•,•(X)/f∗A•,•(Y ).
Proof. Clearly, c = f∗Ω is a nonzero constant. By the projection formula,
f∗(Ω ∧ f∗α) = c · α (5.1)
for every α ∈ A•,•(Y ), which implies that f∗ is injective. Then we get a short exact sequence
0 // A•,•(Y )
f∗
// A•,•(X)
pr
// A•,•(X)/f∗A•,•(Y ) // 0
of double complexes, which induces a long exact sequence
· · ·
// Hq(Ap,•(Y ))
f∗
// Hq(Ap,•(X))
pr
// Hq(Ap,•(X)/f∗Ap,•(Y )) // Hq+1(Ap,•(Y )) · · · (5.2)
for any p. By (5.1), the composition
Hq(Ap,•(X))
Ω∧
// Hq+r(Ap+r,•(X))
∼=
// Hq+r(D′p+r,•(X))
f∗
// Hq(D′p,•(Y ))
∼=
// Hq(Ap,•(Y ))
is the left inverse map of f∗. So we obtain split exact sequences
0 // Hq(Ap,•(Y ))
f∗
// Hq(Ap,•(X))
pr
// Hq(Ap,•(X)/f∗Ap,•(Y )) // 0
from (5.2), for all p, q. The first part of the lemma was proved immediately. Since A•,•(Y ) ≃1
D′•,•(Y ), we get the second part. 
The following lemma is due to J. Stelzig.
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Lemma 5.2 ([23, Theorem 3, Lemma 11]). Let K and L be bounded double complexes over
C with real structures. Then K ≃1 L, if and only if, multS(K) = multS(L) for all shapes S
of zigzags. In other worlds, whenever one picks a direct sum decomposition of K and L into
squares and zigzags, the same zigzags exactly occur with the same multiples.
Now, we give another proof of Proposition 1.3.
Proof. Since X˜ is a ∂∂¯-manifold, the double complex A•,•(X˜) is a direct sum of squares and
dots (i.e. zigzag of length one) by [10, Proposition 5.17]. Then, by Lemma 5.1 and 5.2, the
zigzags must be dots in any direct sum decomposition of A•,•(Y ) into squares and zigzags.
So A•,•(Y ) is a direct sum of squares and dots by [23, Theorem 3], and then, X satisfies the
∂∂¯-lemma by [10, Proposition 5.17]. 
5.3. Applications of Proposition 1.3. Recall that, a morphism f : X → Y of complex
spaces is said to be a Ka¨hler morphism, if there exists an open covering U = {Uα} of X and
a system of smooth functions {pα ∈ C∞(Uα)} satisfying that the restriction pα|Uα∩Xy is a
strictly plurisubharmonic function for every y ∈ Y and pα−pβ is a pluriharmonic function on
Uα∩Uβ for every α, β, whereXy = f−1(y) is the fiber of f over y. Evidently, {
√−1∂∂¯pα} give
a real closed (1, 1)-form ωf globally defined on X and the restriction ωf |Xy is a Ka¨hler form
on Xy for every y. We call such an ωf the relative Ka¨hler form of f . Projective morphisms
(e.g. finite morphisms and blowups) are Ka¨hler. See [12, 8, 25] for more details.
Corollary 5.3. Let f : X → Y be a surjective Ka¨hler morphism between connected compact
complex manifolds. If X satisfies the ∂∂¯-lemma, so does Y .
Proof. Let ωf be the relative Ka¨hler form of f and r = dimCX − dimCY . Then ωf |Xy is a
Ka¨hler form on Xy. Hence, the constant f∗ω
r
f =
∫
Xy
ωrf |Xy > 0 for any regular value y of f .
Clearly, the (r, r)-form ωrf is closed. By Proposition 1.3, we get the corollary. 
A complex manifold X is called p-Ka¨hlerian, if it admits a closed transverse (p, p)-form
Ω ([1, Definition 1.1, 1.3]). In such case, Ω|Z is a volume form on Z, for any complex
submanifold Z of pure dimension p of X.
Corollary 5.4. Let f : X → Y be a surjective holomorphic map between connected compact
complex manifolds and X an r-Ka¨hler manifold, where r = dimCX − dimCY . If X satisfies
the ∂∂¯-lemma, so does Y .
Proof. Since X is r-Ka¨hlerian, there exists a closed transverse (r, r)-form Ω on X. The
constant f∗Ω =
∫
Xy
Ω|Xy > 0 for any regular value y of f . We easily get the corollary by
Proposition 1.3. 
Any Ka¨hler manifold X is r-Ka¨hlerian for r ≤ dimCX and any compact complex manifold
in the Fujiki class C is holomorphically dominated by a compact Ka¨hler manifold ([12, Lemma
4.6]). By Corollary 5.4, we easily get
Corollary 5.5. The ∂∂¯-lemma holds on any compact complex manifold in the Fujiki class
C .
Remark 5.6. A well-known proof of this corollary was given by [10, Corollary 5.23] and [24,
The´ore`me 3], which are much deeper.
A complex manifold X is 0-Ka¨hlerian, so we get a generalization of [10, Theorem 5.22] as
follows (see [2, Theorem 2] for the case of compact complex orbifolds).
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Corollary 5.7. Let f : X → Y be a surjective holomorphic map between connected compact
complex manifolds with the same dimensions. If the ∂∂¯-lemma holds on X, then it also holds
on Y .
If the ∂∂¯-lemma property is bimeromorphic invariant in the category of n-dimensional
compact complex manifolds, then the ∂∂¯-lemma holds on any n-dimensional compact complex
manifold which is a meromorphic image of some n-dimensional ∂∂¯-manifold. Indeed, let
f : X 99K Y be a surjective meromorphic map between n-dimensional compact complex
manifolds and X satisfy the ∂∂¯-lemma. The desingularization Γ of the graph of f is a ∂∂¯-
manifold, since it is bimeromorphic to X. By Corollary 5.7, Y satisfies the ∂∂¯-lemma. In
particular, the ∂∂¯-lemma holds on any threefold which is a meromorphic image of a ∂∂¯-
threefold by [28, Theorem 1.3].
5.4. Product complex manifolds.
Lemma 5.8. For connected compact complex manifolds X and Y , the Fro¨licher spectral
sequence of X × Y degenerates at E1, if and only if, so do those of X and Y .
Proof. Generally,
bk(X × Y ) =
∑
h+l=k
bh(X) · bl(Y ) (Ku¨nneth theorem)
≤
∑
h+l=k
r+s=h
u+v=l
hr,s(X) · hu,v(Y ) (Remark 3.2 (1))
=
∑
r+s+u+v=k
hr,s(X) · hu,v(Y )
=
∑
p+q=k
∑
r+u=p
s+v=q
hr,s(X) · hu,v(Y )
=
∑
p+q=k
hp,q(X × Y ) ([9, IX. (5.23) (5.24)]).
So, bk(X × Y ) =
∑
p+q=k
hp,q(X × Y ) for all k, if and only if, bk(X) =
∑
r+s=k
hr,s(X) and
bk(Y ) =
∑
u+v=k
hu,v(Y ) for all k. By Remark 3.2 (2), we easily get the lemma. 
Suppose that U and V are C-vector spaces with real structures. Then U⊗CV has a natural
real structure, under which the complex conjugation α⊗ β of α⊗ β in U ⊗C V is just α¯⊗ β¯
for α ∈ U and β ∈ V .
Now, we give a proof of Theorem 1.5 as follows.
Proof. Let pr1 and pr2 be the projections of X × Y onto X and Y respectively.
Suppose that X × Y satisfies the ∂∂¯-lemma. Denote m = dimCY and let ΩY be a closed
smooth (m,m)-form on Y such that its Dolbeault class is the inverse image of 1 under the
isomorphism
∫
Y : H
m,m
∂¯
(Y )→˜C. Set Ω = pr∗2ΩY . Clearly, Ω is d-closed. The constant
pr1∗Ω =
∫
{x}×Y
(pr∗2ΩY )|{x}×Y =
∫
Y
ΩY = 1,
for any x ∈ X. By Proposition 1.3, X is a ∂∂¯-manifold. Similarly, the ∂∂¯-lemma holds on Y .
Suppose that X and Y are both ∂∂-manifolds. By Theorem 3.1 and Lemma 5.8, it is
sufficient to check
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Claim. The Hodge filtration gives a Hodge structure of weight k on Hk(X × Y,C), for
every k ≥ 0.
Denote by φ both the external products pr∗1(•)∧pr∗2(•) : A•(X)C⊗CA•(Y )C → A∗(X×Y )C
and pr∗1(•) ∪ pr∗2(•) : H•(X,C) ⊗C H•(Y,C) → H•(X × Y,C). Via φ, we have the internal
direct sum decomposition
Hk(X × Y,C) =
⊕
h+l=k
Hh(X,C)⊗C H l(Y,C) (Ku¨nneth theorem)
=
⊕
r+s+u+v=k
V r,s(X)⊗C V u,v(Y ) (Theorem 3.1 and (3.2)).
(5.3)
For a+ b = p, h+ l = k, F aAh(X)C⊗CF bAl(Y )C is mapped into F pAk(X×Y )C by φ, which
implies that F aHh(X,C) ⊗C F bH l(Y,C) ⊆ F pHk(X × Y,C) via φ. For convenience, write
F pHk(X × Y,C) as F pHk shortly. Then
F pHk ⊇
∑
a+b=p
∑
h+l=k
F aHh(X,C) ⊗C F bH l(Y,C)
=
⊕
a+b=p
r+s+u+v=k
r≥a
u≥b
V r,s(X)⊗C V u,v(Y ) (Remark 3.2 (3) and (5.3))
=
⊕
r+u≥p
r+s+u+v=k
V r,s(X)⊗C V u,v(Y ).
(5.4)
More precisely, we have
F pHk =
⊕
r+u≥p
r+s+u+v=k
V r,s(X)⊗C V u,v(Y ). (5.5)
Actually,
F pHk/F p+1Hk ∼=Hp,k−p
∂¯
(X × Y ) (Lemma 5.8 and Remark 3.2 (2))
∼=
⊕
r+u=p
s+v=k−p
Hr,s
∂¯
(X)⊗C Hu,v∂¯ (Y ) ([9, IX. (5.23) (5.24)])
∼=
⊕
r+u=p
r+s+u+v=k
V r,s(X)⊗C V u,v(Y ) (Remark 3.2 (4)).
(5.6)
By (5.4) and (5.6), F kHk =
⊕
r+u=k
V r,0(X) ⊗C V u,0(Y ), i.e., (5.5) holds for p = k. Assume
that (5.5) holds for any p > l. We have an (not natural) isomorphism of finite dimensional
C-vector spaces
F lHk ∼=F l+1Hk ⊕ F lHk/F l+1Hk
∼=
⊕
r+u≥l
r+s+u+v=k
V r,s(X) ⊗C V u,v(Y ) (inductive assumption and (5.6)). (5.7)
By (5.4) and (5.7), we get (5.5) for p = l. We proved (5.5).
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Since φ is real,
F
q
Hk =
⊕
r+u≥q
r+s+u+v=k
V r,s(X)⊗C V u,v(Y )
=
⊕
r+u≤k−q
r+s+u+v=k
V r,s(X)⊗C V u,v(Y ) (Theorem 3.1 and (3.3)).
For p+ q = k,
V p,q(X × Y ) = F pHk ∩ F qHk =
⊕
r+u=p
s+v=q
V r,s(X)⊗C V u,v(Y ). (5.8)
From (5.3) and (5.8), the sum
∑
p+q=k
V p,q(X × Y ) of complex subspaces in Hk(X × Y,C) is
just the internal direct sum
⊕
p+q=k
V p,q(X × Y ) and
⊕
p+q=k
V p,q(X × Y ) =
⊕
r+s+u+v=k
V r,s(X) ⊗C V u,v(Y ) ((5.8))
=Hk(X × Y,C) ((5.3)).
Clearly, φ is real, so V p,q(X × Y ) = V q,p(X × Y ) by (5.8). We proved this claim. 
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